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We discuss the process p + p → h1 + h2 +X, where the identified hadrons h1 and
h2 have large transverse momenta and are produced in high-energy proton-proton
collisions with a large rapidity gap between them. In this case the (calculable) hard
part of the reaction receives large higher order corrections∼ αn
s
lnn ∆y, which can be
accounted for in the BFKL approach. Specifically, we describe in the next-to-leading
order the calculation of the vertex (impact-factor) for the inclusive production of
the identified hadron.
1 Introduction
The process under consideration is
proton(p1) + proton(p2) → hadron1(k1) + hadron2(k2) + X .
Introducing the Sudakov decomposition for the momentum of each identified hadron,
kh = αhp1 +
~k2h
αhs
p2 + kh⊥ , k2h⊥ = −~k2h , s = 2p1 · p2 ,
we assume that hadrons’ transverse momenta are large, ~k 21 ∼ ~k 22 ≫ Λ2QCD, so that
perturbative QCD is applicable. Moreover, we consider the high-energy limit s = 2p1 ·
p2 ≫ ~k 21,2, which opens the way to the BFKL [1] resummation.
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Figure 1: Diagrammatic representation of the forward quark (left) and gluon (right)
impact factor.
Let us briefly remind the basics of the BFKL approach. In the Regge limit (s→∞,
t not growing with s), the total cross section A + B → X can be written as (see, for
instance, [2])
σAB =
1
(2π)D−2
∫
dD−2~q1
~q 21
ΦA(~q1, s0)
∫
dD−2~q2
~q 22
ΦB(−~q2, s0)
δ+i∞∫
δ−i∞
dω
2πi
(
s
s0
)ω
Gω(~q1, ~q2) .
This factorization is valid both in the leading logarithmic approximation (LLA), which
means resummation of all terms (αs ln s)
n, and in the next-to-LLA (NLA), which means
resummation of all terms αs(αs ln s)
n. The Green’s function Gω is process-independent
and is determined through the BFKL equation in D = 4 + 2ǫ dimensions,
ωGω(~q1, ~q2) = δ
D−2(~q1 − ~q2) +
∫
dD−2~q K(~q1, ~q)Gω(~q, ~q1) ,
whose kernel is known in the NLA both for forward scattering (i.e. for t = 0 and color
singlet in the t-channel) [3] and for any fixed (not growing with energy) momentum
transfer t and any possible two-gluon color state in the t-channel [4]. As for the process-
dependent impact factors (IFs) ΦA,B, only very few have been calculated in the NLA.
The starting point for the calculation in the NLA of the IF relevant for the process
under consideration is provided by the IFs for colliding partons [5] (see Fig. 1). We
observe that for the LLA IF, there can be only a one-particle intermediate state, whereas
for the NLA IF, we can have virtual corrections to the one-particle intermediate state,
but also real particle production, with a two-particle intermediate state.
Here are the steps of the calculation:
i) “open” one of the integrations over the phase space of the intermediate state to
allow one parton to fragment into a given hadron (see Fig. 2);
ii) use QCD collinear factorization,∑
a=q,q¯
fa ⊗ (quark vertex)⊗Dha + fg ⊗ (gluon vertex)⊗Dhg ,
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Figure 2: Diagrammatic representation of the vertex for the identified hadron production
for the case of incoming quark (left) or gluon (right).
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Figure 3: Diagrammatic representation of the LLA vertex for the case of incoming quark
(left) and gluon (right).
iii) project onto the eigenfunctions of the LLA BFKL kernel ((ν, n)-representation),
Φ(ν, n) =
∫
d2~q
Φ(~q)
~q 2
1
π
√
2
(
~q 2
)γ−n
2
(
~q ·~l
)n
, γ = iν − 1
2
, ~l 2 = 0 ,
which is convenient for the numerical convolution with BFKL Green’s function.
2 The impact factor in the LLA
The starting point is given by the “inclusive” LLA parton IFs:
Φq = g
2
√
N2 − 1
2N
, Φg =
CA
CF
Φq , CA = N , CF =
N2 − 1
2N
.
Here the step i) means simply to introduce a delta function (see Fig. 3). Then, QCD
collinear factorization leads to
dΦh
~q 2
= Φq dαh
d2+2ǫ~k
~k 2
1∫
αh
dx
x
δ(2+2ǫ)(~k−~q)
(
CA
CF
fg(x)D
h
g
(αh
x
)
+
∑
a=q,q¯
fa(x)D
h
a
(αh
x
))
.
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3 The impact factor in the NLA
Collinear singularities in NLA are to be removed by PDFs’ and FFs’ renormalization:
fq(x) = fq(x, µF )− αs2π
(
1
ǫˆ
+ ln
µ2F
µ2
) 1∫
x
dz
z
[
Pqq(z)fq(
x
z
, µF ) + Pqg(z)fg(
x
z
, µF )
]
fg(x) = fg(x, µF )− αs2π
(
1
ǫˆ
+ ln
µ2F
µ2
) 1∫
x
dz
z
[
Pgq(z)fq(
x
z
, µF ) + Pgg(z)fg(
x
z
, µF )
]
,
Dhq (x) = D
h
q (x, µF )− αs2π
(
1
ǫˆ
+ ln
µ2F
µ2
) 1∫
x
dz
z
[
Dhq (
x
z
, µF )Pqq(z) +D
h
g (
x
z
, µF )Pgq(z)
]
Dhg (x) = D
h
g (x, µF )− αs2π
(
1
ǫˆ
+ ln
µ2F
µ2
) 1∫
x
dz
z
[
Dhq (
x
z
, µF )Pqg(z) +D
h
g (
x
z
, µF )Pgg(z))
]
,
where Pij are the Altarelli-Parisi splitting functions and
1
ǫˆ
= 1
ǫ
+ γE − ln(4π) ≈ Γ(1−ǫ)ǫ(4π)ǫ .
This leads to the following collinear counterterms:
π
√
2~k 2
Φq
dΦh(ν, n)|coll. c.t.
dαhd2+2ǫ~k
= −αs
2π
(
1
ǫˆ
+ ln
µ2F
µ2
) 1∫
αh
dx
x
1∫
αh
x
dz
z
(
~k 2
)γ−n
2
(
~k ·~l
)n
×
[
(1 + z−2γ)Pqq(z)
∑
a=q,q¯
fa(x)D
h
a
(αh
xz
)
+
(
CA
CF
+ z−2γ
)
Pgq(z)
∑
a=q,q¯
fa(x)D
h
g
(αh
xz
)
+(1 + z−2γ)
CA
CF
Pgg(z)fg(x)D
h
g
(αh
xz
)
+
CA
CF
(
CF
CA
+ z−2γ
)
Pqg(z)fg(x)
∑
a=q,q¯
Dha
(αh
xz
)]
.
The other counterterm comes from the QCD coupling renormalization and reads
π
√
2~k 2
Φq
dΦ(ν, n)|charge c.t.
dαd2+2ǫ~k
=
αs
2π
(
1
ǫˆ
+ ln
µ2R
µ2
)(
11CA
6
− nf
3
)
×
1∫
αh
dx
x
(
CA
CF
fg(x)D
h
g
(αh
x
)
+
∑
a=q,q¯
fa(x)D
h
a
(αh
x
))(
~k 2
)γ−n
2
(
~k ·~l
)n
.
In the following we will use the following abbreviation π
√
2~k 2
Φq
dΦh(ν,n)
dαhd2+2ǫ~k
≡ I.
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Figure 4: Diagrammatic representation of the NLA vertex for the case of incoming quark:
real corrections from quark-gluon intermediate state, cases of gluon fragmentation (left)
and quark fragmentation (right).
3.1 Quark-initiated subprocess
We have first of all the virtual corrections to the one-particle intermediate state:
IVq = −
αs
2π
Γ[1− ǫ]
(4π)ǫ
1
ǫ
Γ2(1 + ǫ)
Γ(1 + 2ǫ)
1∫
αh
dx
x
∑
a=q,q¯
fa(x)D
h
a
(αh
x
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n
×
{
CF
(
2
ǫ
− 3
)
− nf
3
+ CA
(
ln
s0
~k2
+
11
6
)}
+ finite terms .
Then, we have to consider the “real” corrections from the quark-gluon intermediate
state. The starting point is the “inclusive” quark IF,
Φ{QG} = Φqg2~q 2
d2+2ǫ~k1
(2π)3+2ǫ
dβ1
β1
[1 + β22 + ǫβ
2
1 ]
~k 21
~k 22 (
~k2β1 − ~k1β2)2
{
CFβ
2
1
~k 22 + CAβ2
(
~k 21 − β1~k1 · ~q
)}
,
where β1,2 and ~k1,2 are the relative longitudinal and transverse momenta of the gluon
(quark) and β1 + β2 = 1, ~k1 + ~k2 = ~q.
For gluon fragmentation (see Fig. 4 left), the “parent” parton variables are ~k = ~k1,
ζ = β1 and the contribution reads
IRq,g =
αs
2π
1
ǫ
Γ[1−ǫ]
(4π)ǫ
1∫
αh
dx
x
1∫
αh
x
dζ
ζ
∑
a=q,q¯ fa(x)D
h
g
(
αh
xζ
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n
×Pgq(ζ)
[
CA
CF
+ ζ−2γ
]
+ finite terms
For quark fragmentation (see Fig. 4 right), the “parent” parton variables are ~k = ~k2,
6 D.Yu. Ivanov & A. Papa Low-x Meeting 2011
ζ = β2. The contribution proportional to CF reads
(
IRq,q
)CF
= αs2π
1
ǫ
Γ[1−ǫ]
(4π)ǫ
Γ2(1+ǫ)
Γ(1+2ǫ)
1∫
αh
dx
x
1∫
αh
x
dζ
ζ
∑
a=q,q¯ fa(x)D
h
a
(
αh
xζ
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n
×{CF ( 2ǫ − 3) δ(1− ζ) + Pqq(ζ) (1 + ζ−2γ)+ finite terms} ,
while the contribution proportional to CA reads
(
IRq,q
)CA
= αs2π
1
ǫ
Γ(1−ǫ)
(4π)ǫ
1∫
αh
dx
x
1∫
αh
x
dζ
ζ
∑
a=q,q¯ fa(x)D
h
a
(
αh
xζ
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n
×CA δ(1− ζ) ln s0~k2 + finite terms .
3.2 Gluon-initiated subprocess
The virtual corrections to the one-particle intermediate state are
IVg = −
αs
2π
Γ[1− ǫ]
(4π)ǫ
1
ǫ
Γ2(1 + ǫ)
Γ(1 + 2ǫ)
1∫
αh
dx
x
fg(x)D
h
g
(αh
x
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n CA
CF
×
{
CA
(
ln
s0
~k2
+
2
ǫ
− 11
6
)
+
nf
3
}
+ finite terms .
For the “real” corrections from quark-antiquark intermediate state, the starting point
is the corresponding contribution to the “inclusive” gluon IF (TR = 1/2),
Φ{QQ¯}=Φgg2~q 2
d2+2ǫ~k1
(2π)3+2ǫ
dβ1TR
(
1− 2β1β2
1 + ǫ
){
CF
CA
1
~k 21
~k 22
+ β1β2
~k1 · ~k2
~k 21
~k 22 (
~k2β1 − ~k1β2)2
}
,
where β1,2 and ~k1,2 are the relative longitudinal and transverse momenta of the quark
(antiquark) and β1 + β2 = 1, ~k1 + ~k2 = ~q.
For quark (or antiquark) fragmentation (see Fig. 5 left) the “parent” parton variables
are ~k = ~k1, ζ = β1 and the contribution reads
IRg,q =
αs
2π
1
ǫ
Γ[1−ǫ]
(4π)ǫ
1∫
αh
dx
x
1∫
αh
x
dζ
ζ
fg(x)
∑
a=q,q¯D
h
a
(
αh
xζ
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n
CA
CF
×Pqg(ζ)
[
CF
CA
+ ζ−2γ
]
+ finite terms .
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Figure 5: Diagrammatic representation of the NLA vertex for the case of incoming gluon:
real corrections from quark-antiquark intermediate state, case of quark fragmentation
(left) and from two-gluon intermediate state, case of gluon fragmentation (right).
For “real” corrections from the two-gluon intermediate state, the starting point is the
corresponding contribution to the “inclusive” gluon IF,
Φ{GG} = Φgg2~q 2
d2+2ǫ~k1
(2π)3+2ǫ
dβ1
CA
2
[
1
β1
+
1
β2
− 2 + β1β2
]
×
{
1
~k 21
~k 22
+
β21
~k 21 (
~k2β1 − ~k1β2)2
+
β22
~k 22 (
~k2β1 − ~k1β2)2
}
,
where β1,2 and ~k1,2 are the relative longitudinal and transverse momenta of the two
gluons and β1 + β2 = 1, ~k1 + ~k2 = ~q. We can have only gluon fragmentation to be
counted with a factor of 2 (see Fig. 5 right). The result is
IRg,g =
αs
2π
1
ǫ
Γ[1−ǫ]
(4π)ǫ
Γ2(1+ǫ)
Γ(1+2ǫ)
1∫
αh
dx
x
1∫
αh
x
dζ
ζ
fg(x)D
h
g
(
αh
xζ
)(
~k 2
)γ+ǫ−n
2
(
~k ·~l
)n
CA
CF
×
{
Pgg(ζ)
(
1 + ζ−2γ
)
+ δ(1− ζ)
[
CA
(
ln s0~k2 +
2
ǫ
− 113
)
+
2nf
3
]}
+ finite terms .
4 Final result and discussion
One can verify that all UV and IF divergences cancel, leading to
~k 2h
dΦh(ν, n)
dαhd2~kh
= 2αs(µR)
√
CF
CA
(
~k 2h
)γ−n
2
(
~kh ·~l
)n

1∫
αh
dx
x
(
x
αh
)2γ[
CA
CF
fg(x)D
h
g
(αh
x
)
+
∑
a=q,q¯
fa(x)D
h
a
(αh
x
)]
+
αs (µR)
2π
1∫
αh
dx
x
1∫
αh
x
dζ
ζ
(
x ζ
αh
)2γ
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×
[
CA
CF
fg(x)D
h
g
(
αh
xζ
)
Cgg (x, ζ) +
∑
a=q,q¯
fa(x)D
h
a
(
αh
xζ
)
Cqq (x, ζ)
+
∑
a=q,q¯
fa(x)D
h
g
(
αh
xζ
)
Cqg (x, ζ) +
CA
CF
fg(x)
∑
a=q,q¯
Dha
(
αh
xζ
)
Cgq (x, ζ)
]}
.
The explicit form of the coefficient functions will be given elsewhere [7].
To summarize, we have discussed the NLA calculation of the IF the forward produc-
tion of an identified hadron from an incoming quark or gluon, emitted by a proton. This
is a necessary ingredient for the hard inclusive production of a pair of rapidity-separated
identified hadrons at LHC. We have given our result in the (ν, n)-representation, which
is the most convenient for the numerical determination of the cross section [6]. We
have shown that soft and virtual infrared divergences cancel each other, whereas the IR
collinear ones are compensated by the PDFs’ and FFs’ renormalization counterterms,
the remaining UV divergences being taken care of by the QCD coupling renormalization.
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